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A R T I C L E I N F O A B S T R A C T 

Communicated by S. Khonina The ability to realize unidirectionality and signal amplfication in the same device has become an urgent demand, 
with the increasingly high requirements for integrating signal processing devices. We propose a feasible scheme 
to achieve amplfied unidirectional rflection in a coherent active atomic system via four-wave mixing (FWM) and 
spontaneously generated coherence (SGC), based on symmetry breaking caused by the spatially linear modulation 
of coupling on symmetry breaking caused by the spatially linear modulation of coupling fields. Specifically, a 
narrowed and amplfied unidirectional rflection band can be generated in the weak-coupling regime of light

atom interactions with the combination of FWM and SGC, which can be modulated by the relative phase 𝜙 and 
dipole angle 𝜃. This high and narrow band yields low out-of-band noise, which can prove more advantageous for 
many on-chip functionalities.

1. Introduction

All-optical diodes, isolators and circulators, serve as fundamental el

ements in integrated quantum circuits have attracted intensive research, 
for its important potential applications in quantum information technol

ogy [1--5]. High-performance nonreciprocal amplfication is an essential 
functionality in integrated photonic circuits, which can simultaneously 
amplify the weak signal output by the quantum system and isolate the 
sensitive quantum system from the backscattered external noise [6,7]. 
However, under normal conditions, the nonreciprocal and amplfied de

vices are independent of each other in the information network, each 
performing its own function separately. It is an urgent demand to simul

taneously manipulate optical nonreciprocity and signal amplfication in 
the same device, for the increasingly high requirements of integrating 
signal processing devices.

Up to now, various promising physical systems have been proposed 
for nonreciprocal optical amplfication. Such as Josephson circuit [8,9], 
non-Hermitian time Floquet systems [10,11], and parity-time symmet

ric structures [12,13], and these seem to be the intensively studied fields 
in nonreciprocal amplfication and asymmetric lasing of active systems. 
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Additionally, in silicon photonic device technologies, the nonreciprocal 
amplfied light signal within silicon waveguides based Brillouin scatter

ing is central to the development of high-performance photonic devices 
[14--17]. Cavity optomechanics is also playing an increasingly important 
role in making and steering on-chip high-performance nonreciprocal 
devices, including microwave amplfication using a cavity magnonic 
system [18,19], the unidirectional amplfication in whispering-gallery 
cavity [20,21], the nonreciprocal phonon lasing in a coupled cavity sys

tem composed of an optomechanical resonator and a spinning resonator 
[22--24], and others [25--29]. The optical cavity plays an important role 
in nonreciprocal amplfication for its feedback effect, and atoms coupled 
with the optical cavity are also a feasible regime [30]. However, it is 
promising to explore more functions and applications by manipulating 
nonreciprocal amplfication in atomic system. The nonreciprocal am

plfication based on four-level hot atoms by exploiting atomic Doppler 
shifts opens up a new avenue towards realistic devices based on nonre

ciprocal amplfication [31,32].

Recently, our two works have focused on studying nonreciprocal 
rflection amplfication in a uniform atomic medium, based on the spa

tial symmetry breaking effect and skillfully designed coherent active 
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atomic system [33,34]. In Ref. [33], we propose a theoretical model of 
four-level atoms via four-wave mixing (FWM) to amplify the unidirec

tional rflection. For the nonlinear effect caused by four laser beams can 
amplify the probe light locating in the window of electromagnetically in

duced transparency (EIT), or enhance the optical parametric oscillation 
[35,36], the FWM process has been applied in studying many quantum 
interference systems [37--40]. Especially, this nonlinear effect can also 
be generated through spontaneous six-wave mixing which are studied 
theoretically and experimentally [41,42]. Another method of generating 
quantum interference is related to relaxation processes such as sponta

neous emission, e.g., vacuum induced coherence (VIC) [43--45], which is 
also known as spontaneously generated coherence (SGC) [46--51], that 
can cause the destructive quantum interference between the two or more 
different quantum pathways [52--54]. SGC effect has been proved by the 
vacuum-induced quantum beats, that observed by the latest experiment 
in atomic ensembles [45].

In this paper, we propose a scheme by combining the FWM and the 
SGC effects together with a spatially linear modulation (SLM) on cou

pling intensities for enhancing and optimizing unidirectional amplfied 
rflection. It is surprising that high-contrast nonreciprocal rflection can 
be achieved with one rflectivity approaching 3500 while the other be

ing just 1.4 in a dilute atomic gas, and with low intensity of control 
fields. After optimizing the relevant parameters, we can further achieve 
an amplfied unidirectional rflection band with one rflectivity ex

ceeding 60 while the other being vanishing for an extremely narrow 
linewidth of 10 kHz, and meanwhile realize a flexible phase control for 
reversing the amplfied and vanishing rflectivities. This is because the 
two probe fields are not absorbed due to the EIT effect, while could 
be amplfied enabled by the nonlinear effect caused by FWM, and SGC 
promises a largely enhanced and phase tunable rflection amplfication 
of the probe field. Different from parity-time symmetry [55--57] and the 
Kramers-Kronig relation [58--61] as used in typical atomic systems, the 
unidirectional rflection in our scheme is caused by SLM referring to the 
linear increase of coupling field intensities with atomic positions. This 
SLM not only breaks the spatial symmetry of probe susceptibility but 
also causes the resonance absorption of probe light when incident from 
the left side due to the weak coupling field. However, the probe light 
can be well rflected when incident from the right side due to the EIT 
effect caused by the strong coupling field.

2. Theoretical model and equations

As shown in Fig. 1(a), the cold 87Rb atoms are driven into a four-level 
double Λ-type system, by two weak probe fields and two strong coupling 
fields. The probe beams of Rabi frequency (detuning) Ω𝑝1 = 𝐄𝑝1 ⋅𝐝32∕2ℏ
(Δ𝑝1 = 𝜔𝑝1−𝜔32), Ω𝑝2 = 𝐄𝑝2 ⋅𝐝41∕2ℏ (Δ𝑝2 = 𝜔𝑝2−𝜔41) and the coupling 
fields of Rabi frequency (detuning) Ω𝑐1 = 𝐄𝑐1 ⋅𝐝31∕2ℏ (Δ𝑐1 = 𝜔𝑐1 −𝜔31), 
Ω𝑐2 = 𝐄𝑐2 ⋅ 𝐝42∕2ℏ (Δ𝑐2 = 𝜔𝑐2 − 𝜔42) drive the dipole allowed transi

tion |2⟩ ↔ |3⟩, |1⟩ ↔ |4⟩, |1⟩ ↔ |3⟩ and |2⟩ ↔ |4⟩. The matrix element 
𝐝𝑖𝑗 = ⟨𝑖|𝐝 |𝑗⟩ is used to denote the dipole moment of transition |𝑖⟩ to |𝑗⟩. 
Specifically, the energy levels |1⟩ and |2⟩ refer to two close enough states |||5𝑆1∕2, 𝐹 = 1,𝑚𝐹 = −1

⟩
, |||5𝑆1∕2, 𝐹 = 1,𝑚𝐹 = 0

⟩
, levels |3⟩ and |4⟩ refer 

to excited states |||5𝑃1∕2, 𝐹 = 1,𝑚𝐹 = −1
⟩

and |||5𝑃1∕2, 𝐹 = 2,𝑚𝐹 = 0
⟩

of 
cold 87Rb atoms’ D1 line broken by static magnetic fields, respectively. 
The homogeneous distribution of cold atoms is displayed in Fig. 1(d), 
the probe field travels along the 𝑥-axis, while the control fields travel 
vertically along 𝑥-axis. It is worth emphasizing that the Doppler broad

ening can be ignored safely in our cold atomic sample.

With the electric-dipole and rotating-wave approximations, the in

teraction Hamiltonian of ato-field can be written as

𝐻𝐼 = ℏ
[
(Δ𝑐1 − Δ𝑝1) |2⟩ ⟨2|+Δ𝑐1 |3⟩ ⟨3|+Δ𝑝2 |4⟩ ⟨4|]

− ℏ[Ω𝑐1(𝑥) |3⟩ ⟨1|+Ω𝑝1 |3⟩ ⟨2|+Ω𝑐2(𝑥) |4⟩ ⟨2|+Ω𝑝2 |4⟩ ⟨1|+𝐇.𝐜.]
(1)

According to the definition, the density matrix element 𝜌𝑖𝑗 is the prod

uct of the probability amplitude of the population between states |𝑖⟩

and |𝑗⟩, and Γ𝑖𝑗 denotes the population decay rate from level |𝑖⟩ to 
level |𝑗⟩. Additionally, 𝛾𝑖𝑗 = (Γ𝑖𝑛 + Γ𝑗𝑛)∕2 is the dephasing rate as

sociated with atomic coherence 𝜌𝑖𝑗 . The above equations are con

strained by 𝜌11 + 𝜌22 + 𝜌33 + 𝜌44 = 1, conjugate conditions 𝜌𝑖𝑗 = 𝜌∗
𝑗𝑖

and the steady-state condition 𝜌̇𝑖𝑗 = 0. Here 𝜃𝑖 (𝑖 = 1,2) is the an

gle between the two induced dipole moments shown in Fig. 1(a). 
𝜂0
√
Γ31Γ32 cos𝜃1𝑒𝑖𝜑1 (𝜂0

√
Γ41Γ42 cos𝜃2𝑒𝑖𝜑2 ) represents the quantum in

terference effect arising from the cross-coupling between spontaneous 
emission |3⟩↔ |1⟩ and |3⟩↔ |2⟩(|4⟩↔ |1⟩ and |4⟩↔ |2⟩), respectively. 
Note that the existence of SGC requires that dipole moments 𝐝31(𝐝41)
and 𝐝32(𝐝42) are not orthogonal, which is denoted by 𝜂0 = 1 otherwise 
𝜂0 = 0.

Then, by substituting 𝐻𝐼 into the master equation of motion for the 
density operator and using the Weisskopf-Wigner theory of spontaneous 
emission [49], we obtain the following density matrix elements

𝜌̇11 = 𝑖Ω∗
𝑐1(𝑥)𝜌31 − 𝑖Ω𝑐1(𝑥)𝜌13 + 𝑖Ω∗

𝑝2𝜌41 − 𝑖Ω𝑝2𝜌14 + Γ31𝜌33 + Γ41𝜌44

𝜌̇12 = [𝑖(Δ𝑐1 − Δ𝑝1) − 𝛾12]𝜌12 + 𝑖Ω∗
𝑐1(𝑥)𝜌32 − 𝑖Ω𝑝1𝜌13 + 𝑖Ω∗

𝑝2𝜌42

− 𝑖Ω𝑐2𝜌14 − (𝜂0
√
Γ31Γ32 cos𝜃1𝜌33𝑒𝑖𝜑1 + 𝜂0

√
Γ41Γ42 cos𝜃2𝜌44𝑒𝑖𝜑2 )

𝜌̇13 = (𝑖Δ𝑐1 − 𝛾13)𝜌13 − 𝑖Ω∗
𝑐1(𝑥)𝜌11 − 𝑖Ω∗

𝑝1𝜌12 + 𝑖Ω∗
𝑐1(𝑥)𝜌33 + 𝑖Ω∗

𝑝2𝜌43

𝜌̇14 = (𝑖Δ𝑝2 − 𝛾14)𝜌14 − 𝑖Ω∗
𝑝2𝜌11 − 𝑖Ω∗

𝑐2(𝑥)𝜌12 + 𝑖Ω∗
𝑐1(𝑥)𝜌34 + 𝑖Ω∗

𝑝2𝜌44

𝜌̇22 = 𝑖Ω∗
𝑝1𝜌32 − 𝑖Ω𝑝1𝜌23 + 𝑖Ω∗

𝑐2(𝑥)𝜌42 − 𝑖Ω𝑐2(𝑥)𝜌24 + Γ32𝜌33 + Γ42𝜌44

𝜌̇23 = (𝑖Δ𝑝1 − 𝛾23)𝜌23 − 𝑖Ω∗
𝑐1(𝑥)𝜌21 − 𝑖Ω∗

𝑝1𝜌22 + 𝑖Ω∗
𝑝1𝜌33 + 𝑖Ω∗

𝑐2(𝑥)𝜌43
𝜌̇24 = (𝑖Δ𝑐2 − 𝛾24)𝜌24 − 𝑖Ω∗

𝑝2𝜌21 − 𝑖Ω∗
𝑐2(𝑥)𝜌22 + 𝑖Ω∗

𝑝1𝜌34 + 𝑖Ω∗
𝑐2(𝑥)𝜌44

𝜌̇33 = 𝑖Ω𝑐1(𝑥)𝜌13 − 𝑖Ω∗
𝑐1(𝑥)𝜌31 + 𝑖Ω𝑝1𝜌23 − 𝑖Ω∗

𝑝1𝜌32 − Γ32𝜌33 − Γ31𝜌33

𝜌̇34 = [𝑖(Δ𝑝2 − Δ𝑐1) − 𝛾34]𝜌34 + 𝑖Ω𝑐1(𝑥)𝜌14 − 𝑖Ω∗
𝑝2𝜌31

+ 𝑖Ω𝑝1𝜌24 − 𝑖Ω∗
𝑐2(𝑥)𝜌32

(2)

By taking into account the field phases required by SGC. We make 
the standard transformation of the equations as follows: First, the cor

responding Rabi frequencies are redfined as Ω𝑝𝑖 = 𝐺𝑝𝑖𝑒
𝑖𝜑𝑝𝑖 (𝐺𝑝𝑖 =

𝐺𝑝0𝑖 sin𝜃𝑖) and Ω𝑐𝑖 =𝐺𝑐𝑖𝑒
𝑖𝜑𝑝𝑖 (𝐺𝑐𝑖 =𝐺𝑐0𝑖 sin𝜃𝑖), 𝑖 = 1, 2, where 𝐺𝑝𝑖 and 

𝐺𝑐𝑖 are all real numbers; then we redfine atomic variables in Eq. (2) 
as 𝜌𝑖𝑖 = 𝜎𝑖𝑖, 𝜌12 = 𝜎12𝑒

𝑖(𝜑𝑝1−𝜑𝑐1), 𝜌21 = 𝜎21𝑒
𝑖(𝜑𝑝2−𝜑𝑐2), 𝜌34 = 𝜎34𝑒

𝑖(𝜑𝑐2−𝜑𝑝1), 
𝜌43 = 𝜎43𝑒

𝑖(𝜑𝑐1−𝜑𝑝2), 𝜌13 = 𝜎13𝑒
𝑖𝜑𝑐1 , 𝜌14 = 𝜎14𝑒

𝑖𝜑𝑝2 , 𝜌23 = 𝜎23𝑒
𝑖𝜑𝑝1 and 

𝜌24 = 𝜎24𝑒
𝑖𝜑𝑐2 , where the relative phases are 𝜑1 = 𝜑𝑝1 − 𝜑𝑐1 and 𝜑2 =

𝜑𝑐2 −𝜑𝑝2, satisfying 𝜑𝑝1 −𝜑𝑐1 = −(𝜑𝑝2 −𝜑𝑐2), 𝜑𝑐2 −𝜑𝑝1 = −(𝜑𝑐1 −𝜑𝑝2).
With the redfined density matrix elements, we obtain the following 

new equations:

𝜎̇11 = 𝑖𝐺∗
𝑐1(𝑥)𝜎31 − 𝑖𝐺𝑐1(𝑥)𝜎13 + 𝑖𝐺∗

𝑝2𝜎41 − 𝑖𝐺𝑝2𝜎14 + Γ31𝜎33 + Γ41𝜎44

𝜎̇12 = [𝑖(Δ𝑐1 − Δ𝑝1) − 𝛾12]𝜎12 + 𝑖𝐺∗
𝑐1(𝑥)𝜎32 − 𝑖𝐺𝑝1𝜎13 + 𝑖𝐺∗

𝑝2𝜎42

− 𝑖𝐺𝑐2𝜎14 − (𝜂1
√
Γ31Γ32 cos𝜃1𝜎33 + 𝜂2

√
Γ41Γ42 cos𝜃2𝜎44)

𝜎̇13 = (𝑖Δ𝑐1 − 𝛾13)𝜎13 − 𝑖𝐺∗
𝑐1(𝑥)𝜎11 − 𝑖𝐺∗

𝑝1𝜎12 + 𝑖𝐺∗
𝑐1(𝑥)𝜎33 + 𝑖𝐺∗

𝑝2𝜎43

𝜎̇14 = (𝑖Δ𝑝2 − 𝛾14)𝜎14 − 𝑖𝐺∗
𝑝2𝜎11 − 𝑖𝐺∗

𝑐2(𝑥)𝜎12 + 𝑖𝐺∗
𝑐1(𝑥)𝜎34 + 𝑖𝐺∗

𝑝2𝜎44

𝜎̇22 = 𝑖𝐺∗
𝑝1𝜎32 − 𝑖𝐺𝑝1𝜎23 + 𝑖𝐺∗

𝑐2(𝑥)𝜎42 − 𝑖𝐺𝑐2(𝑥)𝜎24 + Γ32𝜎33 + Γ42𝜎44

𝜎̇23 = (𝑖Δ𝑝1 − 𝛾23)𝜎23 − 𝑖𝐺∗
𝑐1(𝑥)𝜎21 − 𝑖𝐺∗

𝑝1𝜎22 + 𝑖𝐺∗
𝑝1𝜎33 + 𝑖𝐺∗

𝑐2(𝑥)𝜎43
𝜎̇24 = (𝑖Δ𝑐2 − 𝛾24)𝜎24 − 𝑖𝐺∗

𝑝2𝜎21 − 𝑖𝐺∗
𝑐2(𝑥)𝜎22 + 𝑖𝐺∗

𝑝1𝜎34 + 𝑖𝐺∗
𝑐2(𝑥)𝜎44

𝜎̇33 = 𝑖𝐺𝑐1(𝑥)𝜎13 − 𝑖𝐺∗
𝑐1(𝑥)𝜎31 + 𝑖𝐺𝑝1𝜎23 − 𝑖𝐺∗

𝑝1𝜎32 − Γ32𝜎33 − Γ31𝜎33

𝜎̇34 = [𝑖(Δ𝑝2 − Δ𝑐1) − 𝛾34]𝜎34 + 𝑖𝐺𝑐1(𝑥)𝜎14 − 𝑖𝐺∗
𝑝2𝜎31

+ 𝑖𝐺𝑝1𝜎24 − 𝑖𝐺∗
𝑐2(𝑥)𝜎32

(3)

Note that Eq. (3), which includes phases, is identical to Eq. (2) except 
that 𝜂0 is replaced by 𝜂𝑖 = 𝜂0𝑒

𝑖𝜑𝑖 , while the complex Rabi frequencies are 
replaced by real ones. In the following discussion, we set 𝜑1 = 𝜑2 = 𝜑

and 𝜃1 = 𝜃2 = 𝜃 for convenience. Here, we set Δ𝑐1 = Δ𝑐2 = 0, thus Δ𝑝2 =
−Δ𝑝1 = Δ𝑝 with the requirement of a balance FWM process Δ𝑐1 +Δ𝑐2 +
Δ𝑝2 + Δ𝑝1 = 0.

The nonreciprocal rflections based on a broken spatial symmetry of 
susceptibility depend on the linear variation of coupling field intensity. 
Here, we set ||𝐺𝑐1(𝑥)||2 = ||𝐺𝑐10 sin𝜃||2 𝑘1𝑥 (||𝐺𝑐2(𝑥)||2 = ||𝐺𝑐20 sin𝜃||2 𝑘2𝑥). 
It is worth stressing that 𝑥 ∈ (0.02 μm, 𝐿), 𝐿 is the length of atomic 
medium. Thus, we can obtain 𝜎32, which is governed by the probe de
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Fig. 1. (a) A four-level atomic system driven by two strong coupling fields and two weak probe fields. One laser field drives only a transition due to the chosen 
polarizations of relevant laser fields. The angle between the two dipole moments 𝐝31 and 𝐝32 (𝐝41 and 𝐝42) is 𝜃1 (𝜃2). (b) The imaginary part of the probe susceptibility 
Im[𝜒] is plotted against the detuning Δ𝑝 for 𝜃 = 𝜋∕2 (red circles) and 𝜃 = 𝜋∕4 (black triangles) in the case of 𝜃1 = 𝜃2 = 𝜃 for convenience. (c) The diagram illustrates 
the uniform medium under illumination, where the coupling field is incident perpendicular to the 𝑥-direction and the probe is incident along the 𝑥-direction. 

tuning Δ𝑝 and position 𝑥. Correspondingly, the complex susceptibility 
of probe field yields 𝜒𝑝𝑖 (𝑖 = 1,2)

𝜒𝑝1(Δ𝑝, 𝑥) =
𝑁 ||𝐝32||2 𝜎32(Δ𝑝, 𝑥)

ℏ𝜀0Ω𝑝1
, (4)

𝜒𝑝2(Δ𝑝, 𝑥) =
𝑁 ||𝐝41||2 𝜎41(Δ𝑝, 𝑥)

ℏ𝜀0Ω𝑝2
. (5)

Here, 𝜀0 is the dielectric constant in vacuum, and the atomic density 
𝑁 is a constant. For 𝜒𝑝1(Δ𝑝, 𝑥) and 𝜒𝑝2(Δ𝑝, 𝑥) have the same variation 
of Δ𝑝, we only need to consider the propagation characteristics of one 
probe field as 𝜒(Δ𝑝, 𝑥), which can be shown clearly in Fig. 1(b).

In the following, we should check the light transport features, which 
can be examined by directly adopting standard transfer-matrix method 
[62,63]. First of all, we provide the 𝑗th 2 × 2 unimodular transfer ma

trix 𝑚𝑗 (Δ𝑝, 𝑥𝑗 ) by dividing the whole sample of length 𝐿 into 𝑆 thin 
layers, 𝑗 ∈ (1, 𝑆). With identical thickness 𝛿 =𝐿∕𝑆 , but the susceptibil

ities exhibit slight differences, which lead to variations in the transfer 
matrix

𝑚𝑗 (Δ𝑝, 𝑥𝑗 ) =
1

𝑡𝑗 (Δ𝑝, 𝑥𝑗 )
⋅
[
(𝑡𝑗 (Δ𝑝, 𝑥𝑗 )2 − 𝑟𝑟

𝑗
(Δ𝑝, 𝑥𝑗 )𝑟𝑙𝑗 (Δ𝑝, 𝑥𝑗 )) 𝑟𝑙

𝑗
(Δ𝑝, 𝑥𝑗 )

−𝑟𝑟
𝑗
(Δ𝑝, 𝑥𝑗 ) 1

]

(6)

with the corresponding right and left rflection and transmission com

plex amplitudes 𝑟𝑟,𝑙
𝑗
(Δ𝑝, 𝑥𝑗 ) and 𝑡𝑟

𝑗
(Δ𝑝, 𝑥𝑗 ) = 𝑡𝑙

𝑗
(Δ𝑝, 𝑥𝑗 ) = 𝑡𝑗 (Δ𝑝, 𝑥𝑗 ), re

spectively, determined by the complex refractive index 𝑛𝑝1(Δ𝑝, 𝑥𝑗 ) =√
1 + 𝜒𝑝1(Δ𝑝, 𝑥𝑗 ), (𝑛𝑝2(Δ𝑝, 𝑥𝑗 ) =

√
1 + 𝜒𝑝2(Δ𝑝, 𝑥𝑗 )). Then, we can write 

the total transfer matrices of 𝑗 layers that probe light incidents from 
left-side, respectively

𝑀𝑙(Δ𝑝, 𝑗𝛿) =𝑚1(Δ𝑝, 𝑥1) × ... ×𝑚𝑗 (Δ𝑝, 𝑥𝑗 ). (7)

Note that 𝑀𝑙(Δ𝑝, 𝑗𝛿) is multiplied from left to right by layers, and the 
opposite direction is multiplied from right to left. Thus, the probe re

flectivities at 𝑗th layer that incident from the left-side are

𝑅𝑙
𝑗
(Δ𝑝, 𝑗𝛿) =

|||𝑟𝑙𝑗 (Δ𝑝, 𝑗𝛿)
|||2 =

||||||
𝑀𝑙

(12)(Δ𝑝, 𝑗𝛿)

𝑀𝑙
(22)(Δ𝑝, 𝑗𝛿)

||||||
2

(8)

with the complex amplitudes 𝑟𝑙,𝑟
𝑗
(Δ𝑝, 𝑗𝛿) and 𝑡𝑗 (Δ𝑝, 𝑗𝛿) determined by 

the transfer matrices can be clearly seen by Eq. (6). When 𝑗 = 𝑆 the 
rflectivities and transmittivity at both ends of this finite atomic sample 
lead to the following expressions

𝑅𝑙
𝑖
(Δ𝑝,𝐿) =

|||𝑟𝑙𝑆 (Δ𝑝,𝐿)
|||2 =

||||||
𝑀𝑙

(12)(Δ𝑝,𝐿)

𝑀𝑙
(22)(Δ𝑝,𝐿)

||||||
2

, (9)

𝑅𝑟
𝑖
(Δ𝑝,𝐿) =

|||𝑟𝑟𝑆 (Δ𝑝,𝐿)
|||2 =

||||||
𝑀𝑙

(21)(Δ𝑝,𝐿)

𝑀𝑙
(22)(Δ𝑝,𝐿)

||||||
2

. (10)

With the Eq. (9)-(10), we can check the nonreciprocal even unidirec

tional rflections.

3. Numerical results and discussions

All of our discussions and results are based on the condition Δ𝑐1 =
Δ𝑐2 = 0, Δ𝑝1 = −Δ𝑝2 = Δ𝑝 and 𝐺𝑐10 = 𝐺𝑐20 = 𝐺𝑐0, 𝑘1 = 𝑘2 = 𝑘 for 
convenience. In the following, we will only check the right and left re

flections of the probe field 𝐄𝑝1 to simplify the problem, because 𝐄𝑝2
should exhibit similar behaviors. We first examine the rflections of in

cident probe light from the right- and left-side, respectively, in the case 
𝜃 = 𝜋∕2 (without SGC), as shown in Fig. 2(a). The probe light can be 
well rflected when incident from the right-side, and the maximum re

flectivity 𝑅𝑟 is over than 3.0, corresponding to the almost zero rflection 
of the left-side 𝑅𝑙 in the frequency region Δ𝑝 ∈ (0,2 MHz). The physical 
essence of the formation of this wide and amplfied unidirectional rflec

tion band has two reasons: (𝐼) The SLM of coupling fields can destroy 
the spatial symmetry of probe susceptibilities that induced the nonre

ciprocity of the left and right rflections, and most of the light entering 
from the left side is absorbed for the coupling field strength is too weak 
to cause quantum destructive interference at the front of medium (left

side), the probe light incident from right-side can be well rflected in 
the EIT window, for the intensity of coupling field reaches the maximum 
at the end of the sample (right-side). (𝐼𝐼) The unidirectional rflections 
can be amplfied during to the optical gain in the probe transitions via a 
resonant FWM process. Furthermore, we check one case with the pres

ence of SGC that 𝜃 = 𝜋∕4, as shown in Fig. 2(b). There is an amplfied 
narrow nonreciprocal rflection band of about 25 kHz, and the rflec

tivity of left-side has approached 3500 corresponding to the rflectivity 
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Fig. 2. The probe rflectivities 𝑅𝑙,𝑟 𝑣.𝑠. detuning Δ𝑝 with 𝜃 = 𝜋∕2 in (a) and 𝜃 =
𝜋∕4 in (b). Other parameters are 𝑁 = 3× 1012 cm−3, 𝐺𝑐0 = 4 MHz, 𝑘 = 1 μm−1, 
𝐺𝑝1 = 𝐺𝑝2 = 0.001 MHz, Δ𝑐1 = Δ𝑐2 = 0, Γ41 = Γ42 = Γ31 = Γ32 = 6 MHz, 𝜑 = 0, 
𝐝13 = 2.0 × 10−29 C⋅m and the length 𝐿 = 4 μm.

of right-side is just 1.4. Hence, one can see that SGC greatly enhances 
the rflection of probe light, for SGC can greatly enhance quantum co

herence. While the nonreciprocity of left and right rflections has been 
reversed due to the phase variation caused by SGC. This is well demon

strated in Fig. 1(b), compared to the simple FWM resonance gain, the 
amplitude of the imaginary part of the susceptibility is increased by 
nearly 150 times with the contribution of both FWM and SGC. The re

sults indicate that the presence of SGC plays a crucial role in enhancing 
the efficiency of the probe field gain during the FWM process.

Unfortunately, SGC reduces the unidirectionality of left and right re

flections, as the left rflection is significantly increased while the right 
rflection is also slightly enhanced. To further optimize the nonrecip

rocal rflection, one feasible approach is to suppress the right rflec

tion. This can be understood by examining the ifluence on rflectiv

ity of relevant physical quantities, e.g., atomic number density 𝑁 , the 
slope 𝑘 and the length of medium 𝐿 in Fig. 3. It is obvious, the re

flections of left-side and right-side increase simultaneously with the 
increased 𝑁 (𝑘, and 𝐿), for they can enhance the probe susceptibil

ity and the intensity of coupling fields. Considering the left rflectivity 
𝑅𝑙 ≫ 1 and the right rflectivity 𝑅𝑟 ≤ 10−2, we can assume that the 
probe field exhibits good unidirectionality and amplfication. It is jus

tfied that the unidirectional rflection amplfication can be realized 
with 𝑁 ∈

(
6 × 1010 cm−3, 7 × 1010 cm−3), 𝑘 ∈

(
0.8 μm−1, 1.0 μm−1), 

and 𝐿 ∈ (3.5 μm,4.0 μm). Then, we will choose the optimized param

eters 𝑁 = 7 × 1010 cm−3, 𝑘 = 1 μm−1 and 𝐿 = 4.0 μm to check the 
nonreciprocity of amplfied rflections with the relative phase 𝜑 and 
the dipole angle 𝜃. 

In particular, the requirement for the intensity of coupling fields can 
be reduced, because of the strong gain effect caused by the SGC effect. 
Then we reduce 𝐺𝑐0 to 0.1 MHz, and with the relative phase 𝜑 = 0 to dis

cuss the modulation of unidirectional rflection amplfication by dipole 
angle 𝜃, as depicted in Fig. 4. We first check the imaginary part of probe 

Fig. 3. The logarithm of the probe rflectivities (log10𝑅
𝑙,𝑟) 𝑣.𝑠. atomic density 

𝑁 , slope 𝑘 and position 𝑥 in (a), (b) and (c), respectively, with Δ𝑝 = 0 and 
𝜃 = 𝜋∕4. Other parameters are the same as Fig. 2.

susceptibility with different dipole angles. Figs. 4(a1), 4(b1), 4(c1) and 
4(d1) show that the gain amplitude of the imaginary part of the suscepti

bility increases more than 100 times, when 𝜃 changes from 𝜋∕2 (without 
SGC) to 𝜋∕4 (with SGC), which is in line with Fig. 1(b). However, there 
arose a strong absorption peak for 𝜃 = 3𝜋∕4. When 𝜃 = 𝜋, although the 
absorption weakens but still no gain appears. Correspondingly, we plot 
the probe rflectivities in Figs. 4(a2), 4(b2), 4(c2) and 4(d2). It is easy 
to see that the unidirectional rflection amplfication formed only for 
𝜃 = 𝜋∕4, when 𝜃 = 𝜋∕2 and 𝜃 = 3𝜋∕4, the left and right rflections are 
nonreciprocal but with extremely low rflectivity, the nonreciprocity 
has completely disappeared for 𝜃 = 𝜋. Thus, in order to examine the 
dipole angle on how to modulate the nonreciprocity and amplfication 
of left and right rflections, we plot the imaginary part of the probe 
susceptibility varies both with 𝜃 and detuning Δ𝑝 [see Fig. 4(e)]. The 
gain region appears in 0 < 𝜃 < 𝜋∕2 and −𝜋∕2 < 𝜃 < 0 around Δ𝑝 = 0. 
It is worth emphasizing that Im[𝜒] = 0 for 𝐺𝑐𝑖(𝑥) = 0, when 𝜃 = 𝑛𝜋. 
Furthermore, Fig. 4(f) exhibits that these two regions of dipole angle 
correspond to two amplfied unidirectional rflection peaks for Δ𝑝 = 0, 
and the maximum value of the left rflectivity 𝑅𝑙 appears at 𝜃 = 𝜋∕5.

Next, we set 𝜃 = 𝜋∕5 to explore the ifluence of relative phase 𝜑 on 
probe rflection. Figs. 5 (a1), (b1), (c1) and (d1) show that there is a 
gain peak around Δ𝑝 = 0 for 𝜑 = 0, corresponding to amplfied unidi

rectional rflection peak [see Fig. 5(a2)]; and it reversed to absorption 
peak at 𝜑 = 𝜋, corresponding to extremely low nonreciprocal rflection 
[see Fig. 5(c2)]; The gain peak with weakening amplitude moves to

ward blue (red) detuning at 𝜑 = 𝜋∕2 (𝜑 = 3𝜋∕2), this insufficient gain 
amplitude resulted in the unidirectional rflection lower than 0.5 [see 
Figs. 5(b2) and 5(d2)]. It is because the probe gain can be periodically 
modulated by the relative phase 𝜑, that the imaginary part of the sus

ceptibility Im
[
𝜒
]
< 0 for 𝜑 ∈ (−𝜋∕2 + 2𝑛𝜋, 𝜋∕2 + 2𝑛𝜋), 𝑛 is a positive 

integer, as depicted in Fig. 5(e). It is worth emphasizing, only when 
Im

[
𝜒
]
< −0.2 is sufficient to amplify the probe rflectivity and form 

amplfied unidirectional rflection with 𝜑 ∈ (−𝜋∕4 + 2𝑛𝜋, 𝜋∕4 + 2𝑛𝜋), 
and the maximum value appears at 𝜑 = 2𝑛𝜋 [see Fig. 5(f)].

Last, we further investigate the parameters of relative phase 𝜑 and 
dipole angle 𝜃 to optimize the unidirectional rflection amplfication. 
Fig. 6 (a) depicts that 𝜑 ∈ (−𝜋∕4, 𝜋∕4) corresponds to two amplfied re
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Fig. 4. Imaginary part of the probe susceptibility Im[𝜒] v.s. detuning Δ𝑝 in (a1), (b1), (c1) and (d1). The rflectivities 𝑅𝑙,𝑟 𝑣𝑠. detuning Δ𝑝 in (a2), (b2), (c2) and 
(d2), with 𝜃 = 𝜋∕4 in (a𝑖), 𝜃 = 𝜋∕2 in (b𝑖), 𝜃 = 3𝜋∕4 in (c𝑖) and 𝜃 = 𝜋 in (d𝑖), 𝑖= 1,2. Imaginary part of the probe susceptibility Im[𝜒] 𝑣.𝑠. detuning Δ𝑝 and the angle 
𝜃 between dipole moments in (e). The rflectivities 𝑅𝑙,𝑟 𝑣.𝑠. dipole moment angle 𝜃 in (f). Here 𝑁 = 7×1010 cm−3, 𝐺𝑐0 = 0.1 MHz, 𝑘 = 1 μm−1 and other parameters 
are the same as Fig. 2.

Fig. 5. Imaginary part of the probe susceptibility Im[𝜒] 𝑣.𝑠. detuning Δ𝑝 in (a1), (b1), (c1) and (d1). The rflectivities 𝑅𝑙,𝑟 𝑣.𝑠. detuning Δ𝑝 in (a2), (b2), (c2) and 
(d2), with 𝜑 = 0 in (a𝑖), 𝜑 = 𝜋∕2 in (b𝑖), 𝜑 = 𝜋 in (c𝑖) and 𝜑 = 3𝜋∕2 in (d𝑖), 𝑖 = 1,2. Imaginary part of the probe susceptibility Im[𝜒] 𝑣.𝑠. phase 𝜑 in (e). The 
rflectivities 𝑅𝑙,𝑟 𝑣.𝑠. phase 𝜑 in (f). Here 𝜃 = 𝜋∕5 and other parameters are the same as Fig. 4.
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Fig. 6. Imaginary part of the probe susceptibility Im[𝜒] 𝑣.𝑠. the dipole moment angle 𝜃 and phase 𝜑 in (a). The left-side rflectivity 𝑅𝑙 and right-side rflectivity 𝑅𝑟

of the probe 𝑣.𝑠. the dipole moment angle 𝜃 and phase 𝜑 in (b) and (c). Here Δ𝑝 = 0 and other parameters are the same as Fig. 4.

gions (Im
[
𝜒
]
< −0.2) of the dipole angle −𝜋∕4 < 𝜃 < 0 and 0 < 𝜃 < 𝜋∕4, 

while 𝜑 ∈ (3𝜋∕4, 5𝜋∕4) [𝜑 ∈ (−5𝜋∕4, − 3𝜋∕4)] corresponds to four 
amplfied regions of the dipole angle −5𝜋∕4 < 𝜃 < −𝜋, −𝜋 < 𝜃 < −3𝜋∕4, 
3𝜋∕4 < 𝜃 < 𝜋 and 𝜋 < 𝜃 < 5𝜋∕4. This strictly leads to the amplfied uni

directional rflection, which can be displayed in Figs. 6(c) and 6(d) for 
the left rflectivity 𝑅𝑙 can reach to 60 and the right rflectivity 𝑅𝑟 is 
lower than 0.04. This implies that the amplfied unidirectional rflec

tion can be modulated accurately and freely by reasonable settings of 
relative phase 𝜑 and dipole angle 𝜃.

4. Conclusion

In this paper, we demonstrated that a dramatically enhanced and 
narrowed unidirectional rflection can be achieved based on the com

bination of FWM, SGC, and SLM. The numerical results show that the 
FWM process can produce a wide and amplfied unidirectional rflection 
band. However, after considering the SGC effect, the amplfied rflectiv

ity increased by several thousand times, and the nonreciprocity of left-

and right-reflection is reversed, while the linewidth of rflection band 
narrowed to kHz, but the unidirectionality is weakened. Fortunately, 
an amplfied unidirectional rflection band with amplitude over than 
60 and linewidth of 10 kHz can be achieved by optimizing the corre

sponding parameters, such as atomic number density 𝑁 , the slope 𝑘, the 
length of medium 𝐿, and which can be modulated by the relative phase 
𝜑 and dipole angle 𝜃. It is also worth noting that SGC in our atomic sys

tem not only greatly reduces the requirements on atomic sample density 
and coupling field intensities, but also provides a flexible phase control 
for reversing the amplfied and vanishing rflectivities. The two effects 
of FWM and SGC have been extensively and thoroughly studied before, 
while not together yet in order to utilize their respect advantages, our 
results demonstrate that the combination of the two can enhance the 
quantum interference. It is worth emphasizing that the existence con

dition of SGC is very strict. However, the latest experiment in atomic 
ensembles has observed vacuum induced quantum beats [45], which 
provides more possibilities for our theoretical work. In addition, the ef

ficient coupling between the four waves may occur when momentum is 
conserved for a phase matching, which can be realized by setting up two 
pairs of backpropagation laser fields. In summary, our theoretical pro

posal is feasible in experiment. Especially, the amplfied narrow band 
yields low out-of-band noise. Thus, our results pave a way to design 
high-quality nonreciprocal devices which could prove advantageous for 
many on-chip functionalities.
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